(2) Note that ⋆-domains are not always P⋆MD, even if ⋆ is a (semi)star operation. For instance, recall that an essential domain is a v-domain [19, Proposition 44.13] and not every essential domain is a PvMD [26] (cf. also [25] for an example of an essential domain with a non-essential localization, and so, in particular, which is not PvMD [33, Example 2.1, Proposition 1.1 and Corollary 1.4] ). An example of a star operation ⋆, defined on an essential domain D, such that D is a ⋆-domain but not a P⋆MD is given in the following Example 2.
(3) Note also that, from Propostion 2 (2) and the previous observation (2), we deduce in particular that the notions of t-domain and w-domain coincide, but they are strictly stronger than the notion of v-domain (as observed in (2)).
(4) Note that from Proposition 2 (1, 2), we deduce that if ⋆ 1 ≤ ⋆ 2 and D is a P⋆ 1 MD then D is also a P⋆ 2 MD. Since ⋆ ≤ ⋆ ≤ ⋆, we have that a P ⋆MD is a P⋆MD, which is a P⋆MD and thus it is easy to see that all these notions coincide (cf. Proposition 2 (2)).
(5) In [19, Section 34] , a v-domain is defined as a domain such that the voperation is e.a.b., and in [19, Theorem 34.6] it is shown that this is equivalent to the fact that each finitely generated ideal is v-invertible. This type of characterization does not hold for general semistar operations ⋆ (cf. the following Example 1). (2) In relation with Proposition 5, we remark that it is possible to generalize in the semistar setting a result proved by Anderson 
, and for each nonzero element
Clearly, if ⋆ is stable (i.e. ⋆ = ⋆), then all the previous statements hold. At this point, for the general case, if we replace the condition "D is integrally closed" with the condition "⋆ is a.b. on D" (which is a stronger condition in the (semi)star setting), it is natural to ask:
Note that the answer to the previous question is positive for ⋆ of finite type, since in this case (⋆) f = ⋆ and we know that D is a P⋆MD if and only if ⋆ = ⋆ f is (e.)a.b. [13, Theorem 3.1], cf. also the following Theorem 3.
There is another important case in which the answer to (Q-1) is positive. Let ⋆ := ⋆ ∆ be a spectral semistar operation, where ∆ ⊆ Spec(D). Clearly ⋆ is stable and so D is a (
Assume that ⋆ is a.b.. For each P ∈ ∆, let ι P be the canonical embedding of D in D P . We claim that ⋆ ιP coincides with d DP (i.e. the identity (semi)star (1) Let ⋆ be a semistar operation on D and let ⋆ ι be the semistar operation on T defined by
(2) Let * be a semistar operation on T and let * ι be the semistar operation on Example 3. The assumption of flatness is essential in the proof of Proposition 6 (2). Let k ⊂ K be a proper finite extension of fields and X an indeterminate over
, ι : D ֒→ T the canonical embedding (which is clearly non-flat). Note that T , being a discrete valuation domain, is a P * MD (and so a * -domain) for all the semistar operations * on T , in particular T is a Pd T MD, where d T is the identity (semi)star operation on T . On the other hand D is not a (
As we have already observed (Example 1 (1) 
Recall [5] . Therefore it is sufficient to take a quasi-coherent non-coherent domain (see [21, Examples 4.4 
and 5.3]).
(2) For ⋆ = v, the notions of ⋆-coherent domain and ⋆-quasi-coherent domain coincide with the notion of v-coherent domain [10, Proposition 3.6].
(3) A ⋆-Noetherian domain (e.g. a Noetherian domain) is truly ⋆-coherent (and truly ⋆ f -coherent)
Recall that in a ⋆-Noetherian domain each nonzero fractional ideal is ⋆ f -finite [8, Lemma 3.3] , thus it is obvious that a ⋆-Noetherian domain is truly ⋆-coherent (or truly ⋆ f -coherent).
(4) A Noetherian domain (thus, in particular, a truly ⋆-coherent) is not necessarily a ⋆-extracoherent domain. (This fact led us to use the terminology of "extracoherent" for this type of "strong ⋆-coherence", cf. also the following Theorem 1 (1).)
In order to construct an example of the type announced above, we start by recalling that, for
An explicit example was constructed in [1, page 4] as follows. Let K be a field and X an indeterminate, set 
Proof. (1) follows immediately from the definitions. 
Proof. (1) Let E, F ∈ f (D), with 0 = E ∩ F . We have already observed that, in
⋆ , thus truly ⋆-coherent implies ⋆-quasi-coherent. (3) In general, it is easy to see that if ⋆ 1 ≤ ⋆ 2 and if an ideal is ⋆ 1 -finite, it is also ⋆ 2 -finite. The second part of the statement follows from the fact that if 
Proof. (i)⇒(ii) is obvious since a P⋆MD is a ⋆-domain (Proposition 2 (3)).
(ii)⇒(i) Since a ⋆-Noetherian domain is truly ⋆ f -coherent (Example 1 (3)), we can apply Theorem 2 ((iii f )⇒(i)). We have also seen that all the possibly different coherence-like notions introduced here coincide for a ⋆-domain, when ⋆ is a (semi)star operation (Theorem 2 and Remark 9 (1)). However, it seems to us that it would be interesting to investigate further this subject in the general semistar setting and to study the interconnections among the various coherence-like conditions in some relevant situation (see, for instance, the following point (3)).
(2) Note that we have introduced a notion of "⋆-coherence", in order to be consistent with the definition of v-coherence already in the literature [10] , but we believe that the "right" definition of coherence in the semistar setting is what we called "truly ⋆-coherence". One of the reasons is that a ⋆-Noetherian domain is truly ⋆-coherent but, in general, it is not ⋆-coherent (Examples 1 (3) and 2 (1)). On the other hand, the fact that the notion of v-coherence works well in many situations is due to the fact that it coincides with the v-quasi-coherence.
Recall that we have already shown that, in general, a truly ⋆-coherent domain is not a ⋆-coherent domain (Example 2 (1)). The following Example 4 shows conversely that a ⋆-coherent domain is not a truly ⋆-coherent domain.
(3) In this circle of ideas, an open problem is related to the specific cases of v-, tand w-operations. Note that, by Remark 6, Proposition 1 (1) and [10, Proposition 3.6], we know already that:
Therefore, by Proposition 8 (2) and Theorem 1 (2), we have: 
Proof. It is a straightforward consequence of Proposition 11 ((i)⇒(iii)).
Note that a P⋆MD is not always an H(⋆)-domain as the following example shows. 
Take a valuation domain V with a non-divisorial maximal ideal M (e.g. a rank 1 non-discrete valuation domain) and take ⋆ = v. Clearly V is a PvMD, but not an H(v)-domain, since the maximal ideal M is a t-ideal, but not divisorial (Proposition 11 ((i) ⇒(iv))). Note that in this case 
(2) The following Remark 13 (2) shows that the converse of the last statement of Proposition 12 does not hold: it is easy to see that there exists an example of an I(⋆)-domain which is not a ⋆ f -quasi-coherent domain.
The following result improves Corollary 6 (cf. also Theorem 2 ((i)⇔(v f )) and last statement of Proposition 12). (ii)⇔(iii) By Proposition 12 ((i)⇔(iii)) and Proposition 2 (4), this equivalence is a straightforward consequence of (ii)⇔(i). 
Proof. The case of an H(⋆)-domain is immediate since it is a ( ⋆, ⋆)-domain (Proposition 11 ((i)⇒(vii))).
So, assume that D is truly ⋆ f -coherent and let I be a nonzero finitely generated ideal of D. We have only to show that
Remark 13. (1) Note that Example 6 shows that a ⋆-extracoherent domain (or, a truly ⋆ f -coherent domain) which is also a ⋆-domain is not necessarily an H(⋆)-domain.
(2) Note that, if ⋆ = ⋆ f , then properties of being an H(⋆)-domain, an I(⋆)-domain and a ( ⋆, (⋆) f )-domain are all trivially satisfied (recall that (⋆ f ) = ⋆ by Proposition 1 (7)). So, in particular, none of them implies the ⋆-quasi-coherence and the ⋆-coherence (and so neither the ⋆-ultracoherence nor the truly ⋆-coherence). Indeed, it is enough to take ⋆ = d and consider an arbitrary non-(d-)quasi-coherent domain (e.g. a non-finite conductor domain [21] ). This example shows, in particular, that there exists an example of an I(⋆)-domain which is not a ⋆ f -quasi-coherent domain (cf. also the following question (Q-3) in Remark 14 (1)).
and also to each of the following:
The equivalence (ii)⇔(iv) in the following theorem provides evidence for question (Q-1) in Remark 3 (4). As a matter of fact, if ⋆ = ⋆ f , the condition "( ⋆, (⋆) f )-domain" is trivially satisfied, but the condition "⋆ is a.b." (or "⋆ is e.a.b.") does not imply P⋆MD for lack of stability.
